FC sets and twisters: the basics of orbifold deconstruction by Bantay, P.
ar
X
iv
:1
91
2.
02
50
1v
1 
 [m
ath
.Q
A]
  5
 D
ec
 20
19
FC SETS AND TWISTERS: THE BASICS OF ORBIFOLD
DECONSTRUCTION
PETER BANTAY
Abstract. We present a detailed account of the properties of twisters and
their generalizations, FC sets, which are essential ingredients of the orbifold de-
construction procedure aimed at recognizing whether a given conformal model
may be obtained as an orbifold of another one, and if so, to identify the twist
group and the original model. The close analogy with the character theory of
finite groups is discussed, and its origin explained.
1. Introduction
Orbifold deconstruction, i.e. the procedure aimed at recognizing whether a given
2D conformal model is an orbifold [12, 14] of another one, and if so, to identify (up
to isomorphism) the relevant twist group and the original model, is an effective
tool to better understand both the general properties of conformal models and the
precise structure of their orbifolds. The basic ideas have been described in [3, 6],
focusing on conceptual issues without going into the mathematical details. The
purpose of the present paper is to fill this gap by giving a formal treatment of the
concepts underlying the deconstruction procedure.
The starting point of orbifold deconstruction is the observation [3, 6] that ev-
ery orbifold has a distinguished set of primaries, the so-called vacuum block, con-
sisting of the descendants of the vacuum, and that this vacuum block has quite
special properties: it is closed under the fusion product, and all its elements have
integral conformal weight and quantum dimension. Such sets of primaries were
termed ’twisters’ because of their relation to twist groups and twisted boundary
conditions. Twisters provide the input for the deconstruction procedure: to each
different twister corresponds a different deconstruction, with possibly different twist
groups and/or deconstructed models.
It turns out that most properties of twisters can be understood in the more gen-
eral context of FC sets, which are those sets of primaries that are closed under the
fusion product. As we shall see, these show deep analogies with character rings of
finite groups, especially the so-called integral FC sets, all of whose elements have
integral squared quantum dimension. In case of twisters, this analogy with char-
acter theory is of course far from being accidental, for it stems from their relation
with the twist group of the corresponding orbifold, and it allows the generalization
of several important group theoretic notions (like nilpotency, solubility, etc.) to
general FC sets. In this respect, a most interesting question is: to what extent do
classical results about groups generalize to selected classes of FC sets? We shall
Key words and phrases. conformal symmetry, orbifold models, modular tensor categories, charac-
ter rings.
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encounter several such conjectural generalizations on the way, e.g. of Lagrange’s
and Ito’s celebrated theorems.
It should be pointed out that a special class of FC sets, the Abelian ones (cf.
Definition 9) have been well-known for quite some time [28, 29, 22], their elements
running under the name of simple currents, while the corresponding deconstructions
are known as simple current extension [17, 4]. From this point of view it is fair to
say that FC sets could be viewed as non-Abelian generalizations of simple current
groups, and their theory bears the same relationship with that of simple currents
as the representation theory of groups [18, 1, 25] with that of Abelian ones.
In Section 2 we’ll review those standard results about the fusion ring of rational
conformal models that form the basis of most of the subsequent arguments. Sec-
tion 3 develops the basic theory of FC sets, introducing such fundamental notions
as classes, blocks and their overlaps, and proving the modularity of the lattice of
FC sets. Section 4 introduces the center of an FC set, and describes its basic prop-
erties, while the next section deals with central quotients and extensions. Section 6
is concerned with the arithmetic properties of FC sets, while Section 7 describes the
structure of local FC sets and twisters, with a view towards their role in orbifold
deconstruction. In our opinion, the highlights include, besides the orthogonality
relations Eqs.(3.6) and (3.7), the product rule Theorem 1, Theorem 2 on the mod-
ularity of the lattice of FC sets, Theorem 6 on the structure of central quotients,
and Theorem 7 on the integrality of quantum dimensions in local FC sets.
2. Preliminaries
Let’s consider a rational unitary conformal model [13, 20, 26]. We’ll denote by
dp and hp the quantum dimension and conformal weight of a primary p, and by
N(p) the associated fusion matrix, whose matrix elements are given by the fusion
rules
[N(p)]rq = N
r
pq (2.1)
We’ll denote by 0 the vacuum primary, for which d0 = 1, h0 = 0 and N(0) is the
identity matrix. Note that, since
N(p) N(q) =
∑
r
N rpqN(r) (2.2)
the fusion matrices generate a commutative matrix algebra over C, the Verlinde
algebra V , whose irreducible representations are all of dimension 1. According to
Verlinde’s famous formula [32]
N rpq =
∑
w
SpwSqwSrw
S0w
(2.3)
relating the fusion rules to the modular S-matrix, to each primary p corresponds
an irrep ρp of V that assigns to the fusion matrix N(q) the complex number
ρp(q)=
Sqp
S0p
(2.4)
In view of Eq.(2.2) this gives∑
r
N rpqρw(r)=ρw(p)ρw(q) (2.5)
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which is equivalent to ∑
r
N rpqSrw =
SpwSqw
S0w
(2.6)
The quantum dimensions of the primaries, i.e. the common Perron-Frobenius eigen-
vector [19] of the fusion matrices are given by dp=ρ0(p), and one has the inequality
|ρp(q) |≤dq (2.7)
Since the fusion matrices have integer matrix elements, it follows that their eigen-
values, i.e. the ρp(q) are all algebraic integers; in particular, all quantum dimen-
sions dp are algebraic integers, that may be shown to divide the algebraic integer√∑
p d
2
p=S
-1
00
.
Note that the matrix S used above is actually an auxiliary quantity, since it
can be determined fully from the fusion rules and conformal weights through the
formula
Spq
S00
=
∑
r
N rpqdr
ω(p)ω(q)
ω(r)
(2.8)
where
ω(p) = exp(2πihp) (2.9)
is the exponentiated conformal weight of the primary p.
Lemma 1. For primaries p and q such that |ρp(q)|=dq, N rpq>0 iff
ω(p)ω(q)
ω(r)
=
ρp(q)
dq
(2.10)
Proof. If Eq.(2.10) holds, then obviously |ρp(q)|= dq, since the left-hand side has
modulus 1. Conversely, according to Eq.(2.8)
∑
r
N rpqdr
ω(p)ω(q)
ω(r)
=
Spq
S00
=
Spq
S0p
S0p
S00
=ρp(q)dp=
ρp(q)
dq
∑
r
N rpqdr
hence for ρp(q) 6=0 one obtains
0=
∑
r
N rpqdr
(
1−ω(p)ω(q) dq
ω(r)ρp(q)
)
or, after taking real parts
∑
r
N rpqdr
(
1−Re
(
ω(p)ω(q) dq
ω(r)ρp(q)
))
= 0
Since the real part of a complex number cannot exceed its modulus
Re
(
ω(p)ω(q) dq
ω(r)ρp(q)
)
≤
∣∣∣∣ω(p)ω(q) dqω(r)ρp(q)
∣∣∣∣ = 1
for |ρp(q)|=dq>0, consequently all terms of the sum are non-negative, hence they
should all vanish, proving the claim. 
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3. FC sets
Definition 1. A set g of primaries is fusion closed (an FC set for short) if it
contains the vacuum primary 0, and for all α, β∈g∑
γ∈g
Nγαβdγ = dαdβ (3.1)
Taking into account that quantum dimensions are positive real numbers, this is
tantamount to the requirement that Nγαβ>0 and α, β∈g implies γ∈g. Notice that
N(α) N(β) =
∑
γ∈g
NγαβN(γ) (3.2)
for α, β∈g by Eq.(2.2), hence the fusion matrices N(α) generate a subalgebra Vg of
the Verlinde algebra. Since V is commutative, the irreps of the subalgebra Vg are
among the different restrictions of the irreps ρp of V .
Definition 2. Given an FC set g, a g-class C is the set of all those primaries p
whose associated irreps ρp coincide when restricted to the subalgebra Vg; we shall
denote by ρ
C
this common restriction, and by α(C)=ρ
C
(α) the value it assigns to
an element α∈g.
Clearly, the collection Cℓ(g) of g-classes is a partition of the set of all primaries,
and one has Sαp=α(C)S0p for α∈g if the primary p belongs to the class C∈Cℓ(g).
Lemma 2. The number of g-classes equals the cardinality of g:
|Cℓ(g)| = |g| (3.3)
Proof. As explained above, the irreps of the subalgebra Vg are among the different
restrictions of the irreps of V , i.e. the irreps ρ
C
corresponding to the classes. It
follows that the number of classes equals the dimension (over C) of Vg, and the later
equals the cardinality of g, because the fusion matrices are linearly independent. 
Definition 3. The extent JCK of the class C∈Cℓ(g) is the algebraic number
JCK = 1∑
p∈C
S2
0p
(3.4)
Lemma 3. ∑
C∈Cℓ(g)
1
JCK = 1 (3.5)
Proof. This follows at once from the unitarity of the matrix S. 
Orthogonality relations. For α, β∈g
∑
C∈Cℓ(g)
α(C)β(C)
JCK =
{
1 if α=β;
0 otherwise.
(3.6)
Proof. ∑
C∈Cℓ(g)
α(C)β(C)
JCK =
∑
C∈Cℓ(g)
∑
p∈C
S2
0p
Sαp
S0p
Sβp
S0p
=
∑
p
SαpSpβ = δα,β
by the unitarity of the matrix S. 
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Second orthogonality. For any two classes C1, C2∈Cℓ(g)∑
α∈g
α(C1)α(C2) =
{
JC1K if C1=C2;
0 otherwise.
(3.7)
Proof. Consider the square matrix
XαC =
α(C)√JCK
with rows indexed by the elements α∈g and columns by the classes C∈Cℓ(g). But∑
C∈Cℓ(g)
XαCXβC = δα,β
by Eq.(3.6), meaning that the matrix X is unitary, which implies at once
∑
α∈g
α(C1)α(C2)√JC1K JC2K =
∑
α∈g
XαC1XαC2 =
{
1 if C1=C2;
0 otherwise.

Corollary 1. The cardinality of the class C∈Cℓ(g) is given by
|C| = 1JCK
∑
α∈g
α(C)Tr N(α) (3.8)
Proof. Since the trace of a matrix equals the sum of its eigenvalues,
Tr N(α) =
∑
p
ρp(α) =
∑
C∈Cℓ(g)
∑
p∈C
ρp(α) =
∑
C∈Cℓ(g)
|C|α(C)
for α∈g, and the result follows at once from (3.7). 
Lemma 4. The characteristic function of the class C∈Cℓ(g) reads
δC(p) =
1
JCK
∑
α∈g
α(C)
Sαp
S0p
=
{
1 if p∈C;
0 otherwise.
(3.9)
Proof. The primary p belongs to the class D ∈ Cℓ(g) iff Sαp = α(D)S0p for α ∈ g,
hence
1
JCK
∑
α∈g
α(C)
Sαp
S0p
=
1
JCK
∑
α∈g
α(C)α(D)=
{
1 if D=C;
0 otherwise.
by Eq.(3.7), proving the claim. 
Lemma 5. For any class C∈Cℓ(g) one has∑
w∈C
SpwSwq =
1
JCK
∑
α∈g
α(C)N qαp (3.10)
Proof. It follows from Eqs. (2.3) and (3.9) that∑
w∈C
SpwSwq =
∑
w
δC(w)SpwSwq =
∑
w
SpwSqw
{ 1
JCK
∑
α∈g
α(C)
Sαw
S0w
}
=
1
JCK
∑
α∈g
α(C)
{∑
w
SpwSqwSαw
S0w
}
=
1
JCK
∑
α∈g
α(C)N qαp
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
The class containing the vacuum primary 0 is of special importance: we shall
denote it by g⊥, and call it the trivial class. According to the previous definitions,
α(g⊥)=ρ
0
(α)=dα for α∈g.
Lemma 6.
Jg⊥K =∑
α∈g
d
2
α (3.11)
Proof. Since α(g⊥)=dα for α∈g, one has∑
α∈g
d
2
α=
∑
α∈g
α(g⊥)α(g⊥)=Jg⊥K
according to Eq.(3.7). 
The trivial class maximizes the product of size and extent.
Lemma 7. |C|JCK≤|g⊥|Jg⊥K for every class C∈Cℓ(g).
Proof. By Eq.(3.8)
|C|JCK =∑
α∈g
α(C)Tr N(α)
Since the matrix N(α) is non-negative and |α(C)|≤dα=α(g⊥)
|C|JCK≤∑
α∈g
|α(C)|Tr N(α)≤
∑
α∈g
α(g⊥)Tr N(α)= |g⊥|Jg⊥K
by the triangle inequality, taking into account that |C|JCK>0. 
Theorem 1 (Product rule). If N rpq> 0 for some p∈g⊥, then the primaries q and
r belong to the same g-class.
Proof. Denoting by C the class of q, one has the obvious equality∑
r/∈C
N rpqdr =
∑
r
N rpqdr −
∑
r∈C
N rpqdr = dpdq −
∑
r∈C
N rpqdr
On the other hand, by Eqs.(3.9) and (2.5)
∑
r∈C
N rpqdr =
∑
r
δC(r)N
r
pqdr =
∑
N rpq
S0r
S00
{
1
JCK
∑
α∈g
α(C)
Sαr
S0r
}
=
1
JCK
∑
α∈g
α(C)
S0α
S00
{∑
r
N rpq
Sαr
S0α
}
=
1
JCK
∑
α∈g
α(C)
S0α
S00
Sαp
S0α
Sαq
S0α
Since Sαp=dαS0p=dpS0α for p∈g⊥ and Sαq=α(C)S0q, this gives∑
r∈C
N rpqdr=
1
JCK
∑
α∈g
α(C)
S0α
S00
Sαp
S0α
Sαq
S0α
=dp
S0q
S00
1
JCK
∑
α∈g
α(C)α(C)=dpdq
from which one concludes ∑
r/∈C
N rpqdr = 0
Since all terms on the left-hand side are non-negative, it follows that they all have
to vanish, i.e. N rpq=0 for r /∈ C. 
Corollary 2. g⊥ is an FC set.
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Proof. If p, q∈g⊥ and N rpq>0, then r∈g⊥ by Theorem 1. 
Corollary 2 implies that all notions and results about an FC set g go over ver-
batim to its dual FC set g⊥. In particular, the set of primaries is partitioned into
g⊥-classes, which we shall call g-blocks (or simply blocks) to avoid confusion with
g-classes.
Definition 4. For an FC set g ∈ L , a g-block is a class of the dual FC set g⊥.
We’ll denote the collection Cℓ(g⊥) of g-blocks by Bℓ(g).
Lemma 8. The primaries p and q belong to the same g-block iff there exists α∈g
such that N qαp>0.
Proof. Since g⊥ is an FC set according to Corollary 2, the orthogonality relations
apply to it. In particular, Eq.(3.7) takes the form
∑
w∈g⊥
Swp
S0p
Swq
S0q
=
{
JbK if p and q belong to the same block b∈Bℓ(g);
0 otherwise.
By Lemma 5, this means that p and q belong to the same block precisely when∑
w∈g⊥
SwpSwq=
1
Jg⊥K
∑
α∈g
dαN
q
αp > 0
Since the quantum dimensions dα are all positive, this is equivalent to N
q
αp>0 for
some α∈g. 
Corollary 3. The g-block containing the vacuum is g itself: (g⊥)⊥=g.
Proof. Indeed, if q belongs to the same block as the vacuum primary 0, then there
exist α∈g such that δq,α=N qα0>0 by Lemma 8. 
Lemma 9.
JgKJg⊥K =∑
p
d
2
p (3.12)
Proof. By Eqs.(3.11) and (3.9)
JgK= ∑
w∈g⊥
d
2
w=
∑
w
δg⊥(w) d
2
w=
∑
w
1
Jg⊥K
∑
α∈g
dα
Sαw
S0w
d
2
w
=
1
Jg⊥K
∑
α∈g
dα
∑
w
Sαw
S0w
S2
00
=
S−2
00
Jg⊥K
∑
α∈g
dαδα0 =
1
Jg⊥K
∑
p
d
2
p
proving the assertion. 
The above results illustrate the inherent duality of FC sets: g and g⊥ deter-
mine each other, while their extents are, roughly speaking, reciprocal. This duality
means that any result about FC sets holds simultaneously for g and its dual g⊥.
In particular, any result proven about classes gives a corresponding result about
blocks, and vice versa. This seemingly trivial observation turns out to be quite
useful.
Lemma 10. If g and h are FC sets such that h⊆g, then every h-class is a union
of g-classes, in particular g⊥⊆h⊥, and every g-block is a union of h-blocks.
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Proof. If the primaries p and q belong to the same g-class, i.e. if the restrictions to
Vg of the irreps ρp and ρq coincide, then for h⊆g their restrictions to Vh coincide
as well, showing that every g-class is contained in a unique h-class, hence each h-
class is the union of the g-classes that it contains. Since the g-class containing the
vacuum primary 0 is g⊥, while the h-class containing it is h⊥, this gives g⊥ ⊆ h⊥,
and consequently every g-block (i.e. g⊥-class) is a union of h-blocks (h⊥-classes) by
the above argument. 
It follows from Lemma 10 that every g-class is a union of g-blocks precisely when
g⊆g⊥. It turns out that such FC sets play a basic role in orbifold deconstruction
[3, 6], hence they deserve a special name.
Definition 5. An FC set g is local if g⊆g⊥.
We shall encounter local FC sets in the sequel on several occasions. A major
feature of this notion explaining its special standing is that, as a consequence of
Lemma 27 and a result of Deligne [11], the corresponding subalgebra Vg may be
identified with the character ring of some finite group, hence results from character
theory [23, 25, 30] go over to local FC sets. This observation allows the generaliza-
tion of many group theoretic notions to arbitrary FC sets, and provides a host of
non-trivial conjectural results that seem to hold in full generality. As an example,
consider the following notion.
Definition 6. The central character of a class C ∈ Cℓ(g) is the complex valued
function ̟C :g→C assigning to α∈g the value
̟C(α)=
Jg⊥K
JCK
α(C)
dα
(3.13)
It is clear that the values of the central character are always algebraic numbers.
For local FC sets this notion gives back the corresponding classical one from char-
acter theory, and by well known results [23, 25], the values taken in that case are
actually algebraic integers. Surprisingly, this seems to be true for generic FC sets.
Conjecture 1. ̟C(α) is always an algebraic integer.
Remark 1. The truth of Conjecture 1 would imply that the ratios
Jg⊥K
JCK =̟C(0)
are algebraic integers for every C ∈ Cℓ(g), leading to the following (conjectural)
analogue of Lagrange’s theorem: if g and h are FC sets and h⊆g, then Jh⊥K divides
Jg⊥K, i.e. their ratio is an algebraic integer.
The inclusion relation makes the collection L of FC sets partially ordered, with
maximal element the set of all primaries, and minimal element the trivial FC set {0}
consisting of the vacuum primary solely. Because the intersection of two FC sets is
obviously an FC set again, L is actually a finite lattice [8, 21].
Proposition 1. Given FC sets g and h, their join g∨h (the smallest FC set that
contains both of them) is given by
g∨h = (g⊥ ∩ h⊥)⊥ (3.14)
hence the map that sends each FC set g to g⊥ is an isomorphism between the lattice
L and its dual.
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Proof. Since g, h⊆g∨h by definition, Lemma 10 implies (g∨h)⊥ ⊆ g⊥, h⊥, hence
(g∨h)⊥ ⊆ g⊥∩h⊥, that is (g⊥ ∩ h⊥)⊥ ⊆ g∨h. On the other hand, g⊥∩ h⊥ ⊆ g⊥, h⊥,
hence g, h⊆ (g⊥∩ h⊥)⊥ again by Lemma 10, or in other words g∨h⊆ (g⊥ ∩ h⊥)⊥,
proving the claim. 
Theorem 2. The lattice L of FC sets is modular (even Arguesian), but usually
not distributive.
Proof. The map that assigns to each FC set g the collection Bℓ(g) of its blocks
is clearly an injective embedding of L into the partition lattice of the set of all
primaries, hence one has to prove the assertion for the image of this homomorphism.
To prove modularity (or the stronger Arguesian property) of the latter, all we have
to show is that for any pair g, h∈L , if b1 ∈Bℓ(g) and b2 ∈Bℓ(h) are blocks such
that b1∩b2 6= ∅, then there is a block b∈Bℓ(g∨h) that contains both of them [24].
But Lemma 10 implies that in case g⊆g∨h there exists for each b1∈Bℓ(g) a block
B1∈Bℓ(g∨h) such that b1⊆B1, and a similar argument shows that for b2∈Bℓ(h)
there exists B2 ∈ Bℓ(g∨h) such that b2 ⊆B2. Since b1∩b2 ⊆B1∩B2, and two
blocks are either equal or disjoint, we get that B1=B2 if b1∩b2 6=∅, and obviously
B1 contains both b1 and b2. As to distributivity, it already fails for a holomorphic
Z2-orbifold (e.g. the SO(16) Wess-Zumino model at level 1). 
Remark 2. A better understanding of the lattice theoretic properties of L would
be highly desirable. We just mention that, while L is modular according to the
above, it is usually neither atomic nor complemented. In particular, it is unclear
whether L admits a coordinatization in the spirit of [9, 33]. Another interesting
question, inspired by the results of [27], is to find extra identities satisfied by L .
Going back to general properties of FC sets, note that, according to Lemma 8,
restricting the indices of the fusion matrices N(α) to the primaries belonging to
a given block b∈Bℓ(g) results in non-negative integer matrices Nb(α) that form
a representation ∆b of the subalgebra Vg. As a consequence of Eq.(2.6), for any
primary w belonging to the class C∈Cℓ(g) one has∑
q∈b
Nb(α)
q
p Swq = ρw(α)Swp = ρC(α)Swp (3.15)
for all α∈g, reflecting the fact that ∆b decomposes as a direct sum of the irreducible
representations ρ
C
.
Definition 7. The overlap
〈
b, C
〉
of the block b ∈ Bℓ(g) and the class C ∈ Cℓ(g)
is the multiplicity of the irrep ρ
C
in the irreducible decomposition of the integral
representation ∆b.
Lemma 11. The overlap
〈
b, C
〉
equals the rank of the minor SbC of the modular
S-matrix obtained by restricting the row indices to b∈Bℓ(g) and the column indices
to C∈Cℓ(g).
Proof. Since Nb(α)SbC = ρC(α)SbC by Eq.(3.15), the columns of SbC span the in-
variant subspace of ∆b corresponding to the irrep ρC. As the latter appears with
multiplicity
〈
b, C
〉
in ∆b, we get the assertion. 
Corollary 4.
〈
b, C
〉
= 1 iff the minor SbC factorizes, i.e. there exist complex
functions ξ : C→C and η : b→C such that Spq = ξ(p)η(q) for p ∈ C and q ∈ b. In
particular,
〈
g, C
〉
=1 for every class C∈Cℓ(g), and 〈b, g⊥〉=1 for all b∈Bℓ(g).
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Proof. Since rank 1 matrices factorize, the first statement is a special case of Lemma
11, and because Sαp=α(C)S0p for p∈ C and α∈ g, this implies at once
〈
g, C
〉
=1,
while
〈
b, g⊥
〉
=1 follows from this by duality. 
Lemma 12. For b∈Bℓ(g) one has∑
C∈Cℓ(g)
〈
b, C
〉
= |b| (3.16)
and for C∈Cℓ(g) ∑
b∈Bℓ(g)
〈
b, C
〉
= |C| (3.17)
Proof. To prove Eq.(3.16), observe that∑
C∈Cℓ(g)
〈
b, C
〉
=
∑
C∈Cℓ(g)
〈
b, C
〉
dimρ
C
=dim∆b= |b|
since dimρ
C
=1. The second statement follows from this by duality. 
Lemma 13. 〈
b, C
〉
=
∑
p∈b
∑
q∈C
|Spq|2 (3.18)
Proof. Since the irrep ρ
C
of the subalgebra Vg appears with multiplicity
〈
b, C
〉
in
the irreducible decomposition of ∆b, the matrix Nb(α) has
〈
b, C
〉
eigenvalues equal
toρ
C
(α) for α∈g, hence
∑
C∈Cℓ(g)
〈
b, C
〉
α(C) = Tr(Nb(α)) =
∑
p∈b
Npαp
i.e.
〈
b, C
〉
=
1
JCK
∑
α∈g
α(C)
{∑
p∈b
Npαp
}
=
1
JCK
∑
α∈g
α(C)
{∑
p∈b
∑
w
SαwSpwSpw
S0w
}
=
∑
p∈b
∑
w
|Spw|2
{
1
JCK
∑
α∈g
α(C)
Sαw
S0w
}
=
∑
p∈b
∑
w
|Spw|2δC(w)=
∑
p∈b
∑
q∈C
|Spq|2
using the orthogonality relation Eq.(3.7). 
Corollary 5.
〈
b, C
〉
=0 iff Spq=0 for all p∈b and q∈C.
Theorem 3 (Reciprocity relation). If the FC sets g, h∈L satisfy g⊆ h, then for
every b∈Bℓ(h) and C∈Cℓ(g)
∑
b
′
∈Bℓ(g)
b
′⊆b
〈
b
′
, C
〉
=
∑
C
′
∈Cℓ(h)
C
′⊆C
〈
b, C
′〉
(3.19)
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Proof. This follows from Lemma 10, since∑
b
′
∈Bℓ(g)
b
′⊆b
〈
b
′
, C
〉
=
∑
b
′
∈Bℓ(g)
b
′⊆b
∑
p∈b′
(∑
q∈C
|Spq|2
)
=
∑
p∈b
∑
q∈C
|Spq|2
=
∑
C
′
∈Cℓ(h)
C
′⊆C
∑
q∈C′
(∑
p∈b
|Spq|2
)
=
∑
C
′
∈Cℓ(h)
C
′⊆C
〈
b, C
′〉
as a consequence of Eq.(3.18). 
Corollary 6. If g ⊆ h, then the number of h-classes contained in g⊥ equals the
number of g-blocks contained in h.
Proof. Apply Corollary 4 and Eq.(3.19) with C=g⊥ and b=h. 
Proposition 2. For all C∈Cℓ(g) and b∈Bℓ(g) one has〈
b, C
〉≤min(Jg⊥KJCK , JgKJbK
)
(3.20)
Proof. Since 〈
b, C
〉
=
1
JCK
∑
α∈g
α(C)Tr Nb(α)
while Tr Nb(α) is non-negative and |α(C)|≤dα, one has〈
b, C
〉≤ 1JCK
∑
α∈g
|α(C)Tr Nb(α)|≤ 1JCK
∑
α∈g
dαTr Nb(α)=
Jg⊥K
JCK
by the triangle inequality, taking into account Corollary 4. Reversing the role of g
and g⊥ completes the proof by duality. 
Corollary 7. JCK≤Jg⊥K for C∈Cℓ(g), and JbK≤JgK for b∈Bℓ(g).
Proof. Indeed, JCK = JCK〈g, C〉 ≤ Jg⊥K by Corollary 4 and Eq.(3.20). The second
statement follows by duality. 
The properties of those classes C∈Cℓ(g) that saturate the bound JCK≤Jg⊥K will
be discussed in the next section.
Lemma 14. |C|≤JgK for C∈Cℓ(g), and |b|≤Jg⊥K for b∈Bℓ(g).
Proof. The first inequality follows from Eqs.(3.20) and (3.17), since
|C|=
∑
b∈Bℓ(g)
〈
b, C
〉≤ ∑
b∈Bℓ(g)
JgK
JbK =JgK
taking into account Eq.(3.5), and the second one follows by duality. 
4. The center
Definition 8. The center Z(g) of the FC set g∈L is the collection of those g-classes
z∈Cℓ(g) for which JzK=Jg⊥K.
Clearly g⊥∈Z(g), hence the center is never empty: we’ll call the elements of Z(g)
central classes. It follows from Proposition 2 that for a central class z∈ Z(g) one
has
〈
b, z
〉≤1 for any block b∈Bℓ(g), hence |z|≤|g⊥| by Eq.(3.16).
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Lemma 15. z∈Z(g) iff |α(z)|=dα for all α∈g, i.e. the central character of z has
unit modulus.
Proof. If |α(z)|=dα for all α∈g, then
JzK =∑
α∈g
|α(z)|2 =
∑
α∈g
d
2
α = Jg⊥K
by Eq.(3.7). Conversely, JzK=Jg⊥K implies∑
α∈g
(
d
2
α−|α(z)|2
)
=0
Since |α(z)| = |ρ
z
(α)| ≤ dα, all terms of the sum on the left-hand side are non-
negative, hence they should all vanish. 
Corollary 8. If g, h ∈ L are FC sets such that h ⊆ g, then any class C ∈ Cℓ(h)
containing a central class z∈Z(g) is itself central.
Proof. Since z⊆C, we have α(C)=ρ
C
(α)=ρ
z
(α)=̟z(α)dα for α∈h, i.e. |α(z)|=
dα, proving the assertion according to Lemma 15. 
Definition 9. An FC set g∈L is Abelian if all its classes are central.
Proposition 3. An FC set g∈L is Abelian iff dα=1 for all α∈g.
Proof. If all classes C∈Cℓ(g) are central, then by Eq.(3.5)
Jg⊥K = ∑
C∈Cℓ(g)
Jg⊥K
JCK = |Cℓ(g)| = |g|
hence by Eq.(3.11)
0 = Jg⊥K− |g| =∑
α∈g
(
d
2
α − 1
)
Since dα≥1, we get the only if part. On the other hand, if dα=1 for all α∈g, then
Jg⊥K= |g|, hence by Eqs.(3.5) and (3.3)∑
C∈Cℓ(g)
(
1
JCK−
1
Jg⊥K
)
=0
Since all terms of the sum are non-negative by Corollary 7, they must all vanish. 
Remark 3. In the language of 2D CFT, Abelian FC sets are groups of simple cur-
rents.
Lemma 16. If α,β,γ∈g are such that Nγαβ>0 and z∈Z(g) is a central class, then
̟z(γ)=̟z(α)̟z(β).
Proof. By definition of the central character
̟z(α)̟z(β)dαdβ=α(z)β(z)=
∑
γ∈g
Nγαβγ(z)=
∑
γ∈g
Nγαβ̟z(γ)dγ
which is equivalent to ∑
γ∈g
Nγαβdγ
(
1− ̟z(γ)
̟z(α)̟z(β)
)
= 0
Since the real part of a complex number cannot exceed its modulus, all terms of
the sum should equal 0. 
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Lemma 17. If p and q are primaries such that N qαp > 0 for some α ∈ g, then p
belongs to the central class z∈Z(g) iff
ω(α)ω(p)
ω(q)
=̟z(α) (4.1)
Proof. This follows at once from Lemma 15 and Lemma 1. 
Corollary 9.
g⊥=
{
p |ω(q)=ω(α)ω(p) if N qαp>0 for α∈g
}
Proposition 4. If C is a g-class and z ∈ Z(g), then there exist unique g-classes
z
±1
C∈Cℓ(g) such that
α
(
z
±1
C
)
=̟z(α)
±1
α(C) (4.2)
for all α∈g; in particular, g⊥C=C. Moreover,q
z
±1
C
y
=JCK (4.3)
and
̟zC(α)=̟z(α)̟C(α) (4.4)
Proof. According to Lemma 16, one has∑
γ∈g
Nγαβ̟z(γ)
±1
γ(C)={̟z(α)̟z(β)}±1
∑
γ∈g
Nγαβγ(C)
=
{
̟z(α)
±1
α(C)
}{
̟z(β)
±1
β(C)
}
which means that the product ̟±1
z
ρ
C
is itself an irrep of the algebra Vg, hence it
is equal to the irrep corresponding to some well defined g-class, namely z±1C. That
g⊥C=C follows from ̟g⊥(α)=1 for α∈g. Finally, Eq.(3.7) gives
q
z
±1
C
y
=
∑
α∈g
|α(z±1C)|2=∑
α∈g
|α(C)|2=JCK
proving Eq.(4.3), leading to Eq.(4.4) when combined with Eq.(4.2). 
Note the following generalization of the product rule Theorem 1.
Theorem 4. If p belongs to the class C∈Cℓ(g) and q belongs to the central class
z∈Z(g), then N rpq>0 implies r∈zC.
Proof. According to Eqs.(3.9), (4.4) and (3.7)∑
r∈zC
N rpqdr=
∑
r
δzC(r)N
r
pqdr=
1
JzCK
∑
α∈g
α(zC)
∑
r
Sαr
S0r
N rpqdr=
1
JCK
∑
α∈g
α(C)̟z(α)
−1
∑
r
N rpq
Sαr
S00
=
1
JCK
∑
α∈g
α(C)̟z(α)
−1 Sαp
Sα0
Sαq
S00
=
1
JCK
∑
α∈g
α(C)̟z(α)
−1 α(C)S0p
Sα0
α(z)S0q
S00
=
dpdq
JCK
∑
α∈g
α(C)α(C)=dpdq
hence ∑
r 6∈zC
N rpqdr=0
Since all terms on the left-hand side are non-negative, N rpq=0 for r 6∈ zC. 
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Proposition 5. If z1,z2∈Z(g) are central classes, then z1z2=z2z1 is also central,
and (z1z2)C=z1(z2C) for all C∈Cℓ(g).
Proof. If z1,z2∈Z(g), then Jz1z2K=Jz2K=Jg⊥K by Eq.(4.3), proving that z1z2∈Z(g).
By Eq.(4.4), ̟z1z2(α)=̟z1(α)̟z2(α)=̟z2(α)̟z1(α)=̟z2z1(α) for α∈g, and
because central characters of different classes differ from each other, this shows that
z1z2=z2z1. Finally, again by Eq.(4.4)
̟(z1z2)C(α)=̟z1z2(α)̟C(α)=̟z1(α)̟z2(α)̟C(α)=̟z1(α)̟z2C(α)
for C∈Cℓ(g), hence (z1z2)C=z1(z2C), finishing the proof. 
Theorem 5. The center Z(g) of an FC set g∈L is an Abelian group that permutes
the g-classes.
Proof. Defining z1z2 as the product of the central classes z1,z2∈Z(g), Proposition
5 implies that it is commutative and associative. Since g⊥z= z for every z∈ Z(g),
g⊥ is the identity element of this product, and the class z -1g⊥∈Z(g) is clearly the
inverse of z, since z
(
z
-1g⊥
)
= g⊥, proving that Z(g) is indeed an Abelian group.
Finally, again by Proposition 5 the maps C 7→ zC define a permutation action of
Z(g) on the set Cℓ(g) of g-classes. 
5. Central quotients and extensions
Proposition 6. For an FC set g and a subgroup Z<Z(g) of its center,
g/Z = {α∈g |α(z)=dα for all z∈Z} (5.1)
is again an FC set, the central quotient of g by Z, with dual
(g/Z)⊥ =
⋃
z∈Z
z (5.2)
If h∈L is such that g/Z⊆h⊆g, then h=g/H for some subgroup H<Z.
Proof. To simplify notation, let g1 denote g/Z, and ∪Z the union of the classes in Z.
It follows from Lemma 16 thatNγαβ>0 for α, β∈g1={α∈g |̟z(α)=1 for all z∈Z}
implies γ∈g1, hence g1∈L . Clearly, ∪Z⊆g⊥1 since α(z)=dα for z∈Z and α∈g1,
while
Jg⊥
1
K= ∑
α∈g1
d
2
α=
∑
α∈g
1
|Z|
∑
z∈Z
̟z(α)d
2
α=
1
|Z|
∑
z∈Z
∑
α∈g
α(z)dα=
Jg⊥K
|Z|
by Eqs.(3.11) and (3.7). Since JzK=Jg⊥K for all z∈Z(g), one gets∑
p∈g⊥
1
\∪Z
S2
0p=
∑
p∈g⊥
1
S2
0p−
∑
p∈∪Z
S2
0p=
1
Jg⊥
1
K−
∑
z∈Z
1
JzK =
|Z|
Jg⊥K−|Z|
1
Jg⊥K =0
which implies that g⊥
1
\∪Z is void, since S2
0p>0 for all p.
Finally, if g1 ⊆ h⊆ g then g⊥ ⊆ h⊥ ⊆ g⊥1 by Lemma 10, hence h⊥ is a union of
g-classes contained in g⊥
1
=∪Z; consequently, h⊥=∪H for some subset H⊆Z, and
because h⊥ is an FC set, H is actually a subgroup of Z such that (g/H)
⊥
=∪H=h⊥
by Eq.(5.2), i.e. h=g/H . 
It follows from the above result that there is an order reversing one-to-one cor-
respondence between central quotients of g ∈L and subgroups of its center Z(g).
The usefulness of central quotients rests on the following result.
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Theorem 6. For a subgroup Z<Z(g) of the center of g∈L , let Zˆ=Hom(Z,C×) de-
note its character group (Pontryagin dual), and let gξ={α∈g |̟z(α)=ξ(z) for z∈Z}
for ξ∈ Zˆ. Then
1) each gξ is a block of g/Z, of cardinality
|gξ|= 1|Z|
∑
z∈Z
ξ(z)|Fix(z)|
where Fix(z) = {C∈Cℓ(g)| zC=C} denotes the set of fixed points of the
central class z∈Z(g) in its action on Cℓ(g);
2) JgξK = |Z|JgK for ξ ∈ Zˆ, i.e. each gξ belongs to the center of (g/Z)⊥, and
gξgη= gξη for ξ, η∈ Zˆ, hence Z⊥=
{
gξ | ξ∈ Zˆ
}
is a subgroup of the center
of (g/Z)
⊥
isomorphic to Z, and (g/Z )
⊥
/Z⊥=g⊥;
3) each g/Z-class is of a union ZC =
⋃
z∈Z
zC for some class C ∈ Cℓ(g), with
JCK = [Z :ZC] JZCK and
〈
gξ, ZC
〉
=
{
1 if ξ(z)=1 for all z∈ZC;
0 otherwise
(5.3)
where ZC={z∈Z | zC=C} denotes the stabilizer of C.
Proof. Lemma 16 implies that if Nγαβ > 0 for α ∈ gξ and β ∈ gη, then γ ∈ gξη. In
particular, if 1 denotes the principal character of Z (the identity of Zˆ), then g1
is an FC set, and it follows from Lemma 8 that gξ ∈Bℓ(g1) for each ξ ∈ Zˆ. Since
clearly g1 = g/Z, we get the first assertion. Next, notice that for z∈ Z(g) one has
by Eq.(3.7)
|Fix(z)|=
∑
C∈Cℓ(g)
δC,zC=
∑
C∈Cℓ(g)
1
JCK
∑
α∈g
α(zC)α(C)=
∑
C∈Cℓ(g)
1
JCK
∑
α∈g
̟z(α)|α(C)|2=
∑
α∈g
̟z(α)
∑
C∈Cℓ(g)
|α(C)|2
JCK =
∑
α∈g
̟z(α)
leading to
|gξ|=
∑
α∈g
1
|Z|
∑
z∈Z
ξ(z)̟z(α)=
1
|Z|
∑
z∈Z
ξ(z)
∑
α∈g
̟z(α)=
1
|Z|
∑
z∈Z
ξ(z)|Fix(z)|
To prove 2), note that
JgK
JgξK =
∑
α∈gξ
S2
0α∑
α∈gS
2
0α
=
1
Jg⊥K
∑
α∈g
d
2
α
1
|Z|
∑
z∈Z
ξ(z)̟z(α)
=
1
|Z| Jg⊥K
∑
z∈Z
ξ(z)
∑
α∈g
α(z)dα=
1
|Z|
∑
z∈Z
ξ(z)δz,g⊥=
1
|Z|
is independent of ξ∈ Zˆ, where we have used Lemma 9. It follows that for all ξ∈ Zˆ
one has JgξK=Jg1K, which is tantamount to gξ∈Z(g⊥1 ). That gξgη=gξη for ξ, η∈ Zˆ
can be seen as follows: Nγαβ>0 with α∈gξ and β∈gη implies that γ∈gξgη by the
generalized product rule Theorem 4, and γ∈gξη by Lemma 16. But this means that
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the map ξ 7→ gξ sets up an isomorphism Zˆ∼=Z⊥, and because Zˆ∼=Z by Pontryagin
duality, we get that Z∼=Z⊥. Finally, it is clear that
∪Z⊥=
⋃
ξ∈Zˆ
gξ=g
hence g⊥=(∪Z⊥)⊥=(g/Z )⊥/Z⊥ according to Eq.(5.2).
As to 3), notice that (since g1⊆g) each g1-class C∈Cℓ(g1) is a union of g-classes
by Lemma 10, hence there exists some C∈Cℓ(g) contained in C. But for z∈Z the
restrictions of ρ
C
and ρ
zC
to g1 coincide, consequently one has ZC⊆ C. To prove
that this containment is actually an equality, observe that one has∑
α∈gξ
∑
p∈ZC
|Sαp|2= 1|ZC|
∑
z∈Z
∑
p∈zC
∑
α∈gξ
|Sαp|2= 1|ZC|
∑
z∈Z
∑
α∈gξ
|α(zC)|2
∑
p∈zC
S2
0p
=
[Z :ZC]
JCK
∑
α∈gξ
|α(C)|2= [Z :ZC]JCK
∑
α∈g
1
|Z|
∑
z∈Z
ξ(z)̟z(α)|α(C)|2
=
1
|ZC|
∑
z∈Z
ξ(z)
JCK
∑
α∈g
α(zC)α(C) =
1
|ZC|
∑
z∈ZC
ξ(z)
for ξ∈ Zˆ, and in particular∑
α∈g1
∑
p∈C\ZC
|Sαp|2=
∑
α∈g1
∑
p∈C
|Sαp|2−
∑
α∈g1
∑
p∈ZC
|Sαp|2=
〈
g1,C
〉−1=0
because
〈
g1,C
〉
= 1 for all C ∈ Cℓ(g1) according to Corollary 4; since g1 contains
the vacuum 0, this can only happen if C \ZC is empty, proving that indeed C=ZC.
Taking this into account, one has
1
JZCK=
1
|ZC|
∑
z∈Z
∑
p∈zC
S2
0p=
1
|ZC|
∑
z∈Z
JzCK= [Z :ZC]JCK
Finally, 〈
gξ, ZC
〉
=
∑
α∈gξ
∑
p∈ZC
|Sαp|2=
{
1 if ZC<ker ξ;
0 otherwise
according to the above, proving the last assertion. 
Given an FC set g, it is natural to ask whether it is a central quotient of another
FC set. This leads to the following notion.
Definition 10. Let g ∈ L denote an FC set and A an Abelian group. An A-
extension of g is an FC set h ∈ L such that h/Z = g for some central subgroup
Z<Z(h) isomorphic to A.
Lemma 18. For an Abelian group A and g ∈L , the different A-extensions of g
are in one-to-one correspondence with subgroups of Z(g⊥) isomorphic to A.
Proof. Suppose that h∈L is an A-extension of g, i.e. g= h/Z for some subgroup
Z < Z(h) isomorphic to A. By 2) of Theorem 6 Z⊥ =
{
hξ | ξ∈ Zˆ
}
is a subgroup
of Z(g⊥) isomorphic to Z, hence to A. Conversely, for any subgroup Z < Z(g⊥)
isomorphic to A, h=(g⊥/Z)⊥ is an FC set, and by 2) of Theorem 6 one has h/Z⊥=
(g⊥/Z )
⊥
/Z⊥=g for some subgroup Z⊥<Z(h) isomorphic to Z, hence to A as well,
i.e. h is an A-extension of g. 
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Corollary 10. Every FC set g∈L has a maximal central extension, the dual of
the maximal central quotient of g⊥.
Definition 11. An FC set g∈L is nilpotent if it can be obtained from the trivial
FC set by a sequence of central extensions.
The rationale of this terminology is that if g∈L is local, hence the associated
algebra Vg is isomorphic to the character ring of some finite group G, the FC set g
is nilpotent according to the above definition precisely when G is nilpotent.
Lemma 19. If g∈L is nilpotent, then Jg⊥K∈Z.
Proof. According to Theorem 6, if g∈L is a central extension of h∈L , then Jg⊥K
is an integer multiple of Jh⊥K. The claim follows by induction. 
We’ll see in Corollary 13 that Jg⊥K∈Z implies that the quantum dimension of
any element of g is either an integer or the square root of an integer. That the
latter possibility can occur is exemplified by the maximal FC set of the Ising model
(the minimal Virasoro model of central charge 12 ), which is nilpotent while having a
primary of dimension
√
2. We conjecture that many results about (finite) nilpotent
groups carry over to nilpotent FC sets, like the following property, which is known
to be equivalent to nilpotency for finite groups.
Conjecture 2. If g is nilpotent and d is an integer dividing Jg⊥K, then there exists
an FC set h⊆g such that Jh⊥K=d.
6. The Galois action
Let us briefly recall the basics of the Galois action in RCFT [10, 7, 5]. It is
known that, denoting by N the least common multiple of the denominators of the
conformal weights hp, the field obtained by adjoining to the rationalsQ the quantum
dimensions dp and the exponentiated conformal weights ω(p) is the cyclotomic field
Q[ζN ] of conductor N , generated by a primitive root of unity ζN =e
2πi
N . The Galois
group of Q[ζN ] is isomorphic to the group (Z/NZ)
×
of prime residues mod N , with
each ℓ∈ (Z/NZ)× corresponding to a Galois transformation σℓ mapping ζN to ζℓN
(while leaving all rationals fixed). Since the conformal weights of primaries are
rational numbers, one has σℓ ◦ ω=ωℓ for the exponentiated conformal weights.
Because fusion matrices have rational integer matrix elements, the irreducible
representations of the Verlinde algebra V (and of its subalgebras) are permuted
between themselves by the Galois transformations σℓ. In other words, for each
ℓ∈(Z/NZ)× there exists a permutation pi(ℓ) :p 7→ℓp of the primaries such that
σℓ◦ρp = ρℓp (6.1)
and the mapping pi :ℓ 7→pi(ℓ) is clearly a homomorphism. Furthermore,
σℓ(dp)=ǫℓ(p)
dℓp
dℓ0
(6.2)
where ǫℓ(p) = ±1 depending on the sign of σℓ(dp). Note that it follows from
Eqs.(2.7) and (6.1) that |σℓ(dp)| = |ρℓ0(p)| ≤ dp, i.e. dℓp ≤ dpdℓ0. Finally, as a
consequence of the fact that the modular representation has as kernel a congruence
subgroup of level N , one has for all primaries p and any ℓ∈(Z/NZ)×
hℓp − hℓ0∈ℓ2hp+Z (6.3)
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Lemma 20. For ℓ∈ (Z/NZ)× let Θℓ= {p |σℓ(dp)=ǫℓ(p)dp}. Then p, q ∈Θℓ and
N rpq > 0 implies r ∈ Θℓ and ǫℓ(r) = ǫℓ(p)ǫℓ(q). As a consequence, both Θℓ and
Θ+ℓ ={p |σℓ(dp)=dp} are FC sets.
Proof. Applying σℓ to both sides of
∑
r
N rpqdr=dpdq gives
ǫℓ(p)ǫℓ(q)
∑
r
N rpqσℓ(dr)=ǫℓ(p)ǫℓ(q)σℓ(dpdq)=dpdq=
∑
r
N rpqdr
for p, q∈Θℓ. After rearrangement and taking real parts, one gets∑
r
N rpq Re
{
dr − ǫℓ(p)ǫℓ(q)σℓ(dr)
}
= 0
Because |σℓ(dr)| ≤ dr, and the real part of a complex number cannot exceed its
modulus, we conclude that all terms on the left-hand side are non-negative, hence
they should all vanish, that is N rpq=0 unless σℓ(dr)=ǫℓ(p)ǫℓ(q)dr=ǫℓ(r)dr . Since
Θ+ℓ ={p∈Θℓ |ǫℓ(p)=1}, the assertion follows. 
Remark 4. Note that, as a consequence of ǫℓ(p) = ±1, the FC set Θℓ either coin-
cides with Θ+ℓ or is a Z2-extension of it.
Corollary 11. Both Θ+={p | dp∈Z} and Θ=
{
p | d2p∈Z
}
are FC sets.
Proof. Because quantum dimensions are algebraic integers, one has p∈Θ+ iff dp∈Q,
i.e. σℓ(dp)=dp for all ℓ∈(Z/NZ)×, hence
Θ+ =
⋂
ℓ∈(Z/NZ)×
Θ+ℓ
This implies at once Θ+ ∈ L by Lemma 20. A similar argument works for Θ,
exploiting the fact that ǫℓ(p)=±1. 
From now on, we shall consider a fixed FC set g∈L .
Proposition 7. The Galois permutations pi(ℓ) map g-classes to g-classes, i.e. ℓC=
{ℓp | p∈C}∈Cℓ(g) for every class C∈Cℓ(g), in such a way that ℓ(zC) = zℓ(ℓC) for
z ∈ Z(g). Moreover, overlaps are left invariant, 〈b, ℓC〉 = 〈b, C〉 for all b ∈ Bℓ(g),
while JℓCK = σℓ(JCK).
Proof. That ℓC∈Cℓ(g) follows at once from Eq.(6.1), while for z∈Z(g)
α(ℓ(zC))=σℓ(α(zC))=σℓ(̟z(α)α(C))=
=̟z(α)
ℓ
σℓ(α(C))=̟zℓ(α)α(ℓC)=α
(
z
ℓ(ℓC)
)
by Eqs.(6.1) and (4.2), since ̟z(α) is a root of unity. As to the rest,
remember that the overlap
〈
b, C
〉
is the multiplicity of the irrep ρ
C
in the irreducible
decomposition of the representation ∆b associated to the block b. Since ∆b is
integral, it equals all its Galois conjugates, hence it contains the irreps ρℓC=σℓ◦ρC
and ρ
C
with the same multiplicity, i.e.
〈
b, ℓC
〉
=
〈
b, C
〉
. Finally,
σℓ(JCK)=
∑
α∈g
σℓ
(|α(C)|2)=∑
α∈g
|α(ℓC)|2=JℓCK
by Eq.(3.7), proving the assertion. 
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Corollary 12. The Galois permutations pi(ℓ) map g-blocks to g-blocks, i.e. ℓb=
{ℓp | p∈b} ∈ Bℓ(g) for any block b∈Bℓ(g), in such a way that JℓbK = σℓ(JbK) and〈
ℓb, C
〉
=
〈
b, C
〉
for all C ∈ Cℓ(g). As a consequence, every FC set g ∈ L is self-
conjugate, i.e.the charge conjugate α of any primary α∈g also belongs to g.
Proof. The first claim follows from Proposition 7 by duality. As to the second, note
that σ-1 is complex conjugation, hence pi(-1) is charge conjugation. Because pi(-1)
leaves the vacuum 0∈g invariant, it should map g onto itself. 
Lemma 21. g⊆Θ+ℓ iff ℓg⊥=g⊥.
Proof. Since dα=ρg⊥(α), one has ρℓg⊥(α)=
(
σℓ◦ρg⊥
)
(α)=σℓ(dα) for α∈g, hence
ℓg⊥=g⊥ exactly when σℓ(dα)=dα for all α∈g. 
Lemma 22. If g⊆Θ+ℓ and b∈Bℓ(g), then the ratio
σℓ (dp)
dp
is independent of p∈b.
Proof. Let D denote the vector whose components are the quantum dimensions dp
for p∈b. Eq.(2.6) implies that Nb(α)D=dαD for all α∈g, and applying σℓ to both
sides gives Nb(α)σℓ(D) = dασℓ(D), taking into account that the Nb(α) are integer
matrices and σℓ(dα) = dα. But this means that both D and σℓ(D) belong to the
common eigenspace of the matrices Nb(α) corresponding to the irrepρg⊥ of Vg, and
because
〈
b, g⊥
〉
= 1 by Corollary 4, this eigenspace has dimension 1, hence σℓ(D)
and D are proportional to each other. 
It follows from Corollary 11 that L +
int
=
{
g⊆L | g⊆Θ+} is a sublattice of L
consisting of those FC sets all of whose elements have integer quantum dimension.
Such FC sets have special properties, as exemplified by the following result.
Lemma 23. If g ∈L +
int
, then for every block b ∈ Bℓ(g) there exists an algebraic
integer db such that the quantum dimension of the primaries contained in b are
rational multiples of db.
Proof. Using the notation db=min{dp | p∈b}, one has
σℓ
(
dp
db
)
=
dp
db
for all ℓ∈(Z/NZ)× by Lemma 22. Since db is an algebraic integer, and an algebraic
number fixed by all σℓ is rational, the result follows. 
Proposition 8. The following statements are equivalent:
a) g⊆Θℓ;
b) σℓ
(
d
2
α
)
=d2α for all α∈g;
c) σℓ(Jg⊥K)=Jg⊥K;
d) ℓg⊥∈Z(g).
Proof. For one thing, g ⊆ Θℓ, i.e. σℓ(dα) = ǫℓ(α)dα = ±dα for all α ∈ g implies
σℓ
(
d
2
α
)
= d2α, which in turn implies σℓ(Jg⊥K) = Jg⊥K by Eq.(3.11). But Jg⊥K =
σℓ(Jg⊥K)=Jℓg⊥K gives at once ℓg⊥∈Z(g) and
̟ℓg⊥(α) dα=ρℓg⊥(α)=
(
σℓ◦ρg⊥
)
(α)=σℓ(dα)=ǫℓ(α)
dℓα
dℓ0
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for α ∈ g, as a consequence of Eq.(6.2). Since quantum dimensions are positive
numbers while ̟ℓg⊥(α) has unit modulus, one concludes that ̟ℓg⊥(α) = ǫℓ(α)
and g⊆Θℓ, completing the proof. 
Corollary 13. Jg⊥K∈Z iff g⊆Θ.
Proof. By Proposition 8, Jg⊥K∈Z iff g⊆Θℓ for all ℓ∈(Z/NZ)×, i.e. g⊆Θ. 
By the above, Lint={g∈L | Jg⊥K∈Z} is a sublattice of L containing L +int. Note
that, according to Lemma 19, every nilpotent FC set belongs to Lint, but the
converse need not be true.
Lemma 24. If g⊆Θℓ and b∈Bℓ(g), then for all p∈b
dℓp
dp
=
√
JbK
JℓbK (6.4)
Proof. If g⊆Θ+ℓ , then it follows from Eq.(6.2) and Lemma 22 that
S2
0ℓp
S2
0p
=
(
dℓp
dp
)2
=
(
σℓ(dp)
dp
)2
ǫℓ(p)
2
d
2
ℓ0=A
is independent of p∈b, hence
JbK=∑
p∈b
1
S2
0p
=A
∑
p∈b
1
S2
0ℓp
=A JℓbK
from which one concludes (
dℓp
dp
)2
=
JbK
JℓbK
implying Eq.(6.4), since quantum dimensions are positive numbers.
If g⊆Θℓ is not contained in Θ+ℓ , then g is a Z2-extension of g+=g∩Θ+ℓ ⊆Θ+ℓ ,
hence any block b∈Bℓ(g) is either itself a g+-block, or b=b+∪b− with b±∈Bℓ(g+)
and Jb±K = 2JbK (cf. Theorem 6). In either case Eq.(6.4) follows by the above
argument, since ℓb=ℓb+∪ℓb− and Jℓb±K=Jb±K=2JbK=2JℓbK by Corollary 12. 
Lemma 24 gives a fairly precise description of the distribution of quantum di-
mensions (counted with multiplicity) in blocks related by Galois permutations, and
a similar result for classes would be most desirable. Supported by extensive com-
putational evidence, the following seems to hold.
Conjecture 3. If g⊆Θℓ and C∈Cℓ(g) is a g-class, then the distribution of quantum
dimensions (counted with multiplicity) is the same in C and ℓC. Put differently, the
univariate polynomial
PC(x) =
∏
p∈C
(
x− S−2
0p
)
(6.5)
satisfies PℓC(x)=PC(x).
Remark 5. Note that, as a consequence of Lemma 10, it would be enough to prove
Conjecture 3 for g=Θℓ, since this would imply the general case. Moreover, since
S−2
0p is an algebraic integer for each primary p, and because σℓ(PC(x))=PℓC(x), the
truth of Conjecture 3 would imply that all the coefficients of PC(x) are rational
integers for g ∈ Lint. But JCK ∈ Z in case PC(x) ∈ Z[x]: in conjunction with
Conjecture 1 this would lead to the conclusion that JCK is an integer divisor of Jg⊥K.
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Finally, let’s note that Eq.(6.5) should be contrasted with the following conse-
quence of Lemma 24 for g⊥⊆Θℓ (with g-classes viewed as g⊥-blocks)
PℓC(x) =
(JℓCK
JCK
)|C|
PC
( JCK
JℓCKx
)
(6.6)
7. Local sets and twisters
Remember that the FC set g∈L is local if g⊆g⊥. We’ll denote by Lloc the set
of local FC sets; note that, while the intersection of local FC sets is clearly local,
this is not necessarily the case for their join, i.e. Lloc is generally not a sublattice
of L , because it may have several maximal elements. Actually, Lloc is itself a
lattice precisely when it has a unique maximal element.
Lemma 25. g∈L is local iff each g-class is a union of g-blocks, or equivalently,
each g-block is contained in a well-defined g-class.
Proof. This is a direct consequence of Lemma 10, keeping in mind that g-blocks
are nothing but g⊥-classes. 
From the point of view of orbifold deconstruction [3, 6], this is the basic property
of local FC sets. The point is that the vacuum block of an orbifold model (the
set of primaries originating in the vacuum primary) is an FC set whose classes
correspond to the different twisted sectors, i.e. collections of twisted modules with
twist elements belonging to the same conjugacy class, while its blocks correspond
to orbits of twisted modules. Since the conjugacy class of a twist element is the
same for all twisted modules on the same orbit, every block should be included in a
well-defined class, hence the vacuum block should be a local FC set by the above.
Lemma 26. If g∈Lloc and BℓC(g)={b∈Bℓ(g) | b⊆C} denotes the set of g-blocks
contained in the class C∈Cℓ(g), then
|BℓC(g)|=
∑
b⊆C
〈
b, g⊥
〉
=
∑
b⊆g⊥
〈
b, C
〉
(7.1)
Proof. The first equality follows from Corollary 4, while the second one from
Eq.(3.19) with h=b=g⊥. 
Lemma 27. g∈L is local iff ω(γ)=ω(α)ω(β) for all α, β, γ∈g such that Nγαβ>0.
Proof. This follows from the containment g⊆g⊥ and Corollary 9. 
Corollary 14. If the FC set g is local, then hα∈ 12Z for α∈g.
Proof. According to Corollary 12, α∈ g implies α∈ g. Since N 0αα= 1 and ω(α) =
ω(α), Lemma 27 implies that ω(α)2=ω(0)=1, i.e. hα∈ 12Z for α∈g. 
Note that the converse is not true: there are many FC sets in which all con-
formal weights belong to 12Z, but are nevertheless not local. On the other hand,
the integrality of conformal weights implies locality by Lemma 27, leading to the
following notion [3, 6].
Definition 12. A twister is an FC set all of whose elements have integer conformal
weight.
Lemma 28. Every local FC set g ∈ Lloc has a central class R ∈ Z(g) such that
̟R(α) = ω(α) for α∈g.
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Proof. By Lemma 27∑
γ∈g
Nγαβω(γ) dγ =
∑
γ∈g
Nγαβω(α)ω(β) dγ = ω(α)ω(β) dαdβ
in case α, β ∈ g, i.e. the map α 7→ ω(α)dα is an irrep of Vg, hence there does
exist a class R ∈ Cℓ(g) such that ρR(α) = ω(α)dα. Since, according to Corollary
14, ω(α)=±1 for elements of a local FC set, Lemma 15 implies that the class R is
central with ̟R(α)=ω(α). 
Lemma 29. R2=g⊥ for g∈Lloc, and g is a twister iff R=g⊥.
Proof. ̟R(α) = ω(α) for α ∈ g by Lemma 28, hence ̟R2(α) = ω(α)2 = 1 because
of Corollary 14, proving that indeed R2=g⊥. On the other hand, R=g⊥ precisely
when ω(α)=̟R(α)= 1 for all α∈g, i.e. when g is a twister. 
Corollary 15. Every local FC set g∈Lloc is either a twister or a Z2-extension of
a twister.
Proof. If g∈Lloc is not a twister, then the class R generates a central subgroup of
order 2, and the corresponding central quotient {α∈g |ω(α)=1} is clearly a twister,
proving the assertion. 
We shall call the class R ∈ Z(g), whose existence is guaranteed by Lemma 28,
the Ramond class of the local FC set g∈Lloc. The rationale for this nomenclature
is that, in case R differs from the trivial class g⊥, there exists a suitable fermionic
generalization of orbifold deconstruction in which the blocks contained in the trivial
class account for the Neveu-Schwarz (bosonic) sector of the deconstructed model,
while those in the Ramond class describe the fermionic (Ramond) sector.
Lemma 30. If g ∈ Lloc and b ∈ Bℓ(g) is a block contained in the central class
z∈ Z(g), then the conformal weights of its elements multiplied by the order of the
product zR differ by integers.
Proof. Let n denote the order of the class zR viewed as an element of the Abelian
group Z(g). According to Lemma 8, for any two primaries p and q contained in the
block b⊆ z there exists α∈ g such that N qαp > 0. By Lemma 17 this implies that
ω(q) = ω(α)ω(p)̟z(α)
-1
= ω(p)̟zR(α)
-1
, and because ̟zR(α)
n
= ̟g⊥(α) = 1,
this means that ω(q)
n
=ω(p)
n
, i.e. n(hq−hp)∈Z. 
Corollary 16. A block is contained in the Ramond class R precisely when the
conformal weights of its elements differ by integers.
We note that the above results can be generalized further: there is an intrinsic
way to define Adams operations and power maps for local FC sets [3, 6], which lead
to a well-defined notion of the order of classes, and for central classes this coincides
with their multiplicative order (as elements of the center).
Lemma 31. If C∈Cℓ(g) is a class of a local FC set g∈Lloc, then
〈
b,RC
〉≥1 for
all blocks b∈Bℓ(g) contained in C.
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Proof. Let Dω denote the vector with components Dωp = ω(p)
-1
dp for p ∈ b. Ac-
cording to Eq.(2.5), one has for α∈g and b⊆C∑
q∈b
Nb(α)
q
pD
ω
q =
∑
q
N qαpω(q)
-1
dq=ω(α)
-1
ω(p)
-1 Sαp
S00
=ω(α)
-1 Sαp
S0p
ω(p)
-1 S0p
S00
=ρRC(α)D
ω
p
in case p∈ b. In other words, Dω is a common eigenvector of the matrices Nb(α),
with eigenvalue ρRC(α). Since D
ω
p 6=0, one gets that
〈
b,RC
〉
, the multiplicity of ρRC
in ∆b, is at least 1. 
Corollary 17. The number of blocks contained in the Ramond class equals the
number of blocks contained in the trivial class.
Proof. Since
〈
b,R
〉≤ 1 by Proposition 2 (since R is central), while 〈b,R〉≥ 1 for
b⊆g⊥ by the above Lemma, we get 〈b,R〉=1 and
|BℓR(g)|=
∑
b⊆g⊥
〈
b,R
〉
= |Bℓg⊥(g)|
by Eq.(7.1), proving the claim. 
Roughly speaking, the above Corollary says that, in case the Ramond class is
non-trivial, there is an equal number of bosonic and fermionic degrees of freedom
in the corresponding deconstructed model.
Theorem 7. Every local FC set belongs to L +
int
, i.e. dα∈Z for all α∈g.
Proof. We shall prove that ℓg ⊆ g⊥ for all ℓ ∈ (Z/NZ)×. Since ℓg ⊆ ℓg⊥ as a
consequence of locality, and two classes are either equal or disjoint, this will imply
the assertion by Lemma 21.
In case g is a twister, Eq.(6.3) gives hℓα−hℓ0∈Z since hα∈Z for all α∈g. But
this is tantamount to ℓg⊆ R by Lemma 30, and since the Ramond class is trivial
for a twister, we get that ℓg⊆g⊥.
If g is not a twister, then g+={α∈g |ω(α)=1} is a twister by Corollary 15, and
the above argument shows that ℓg+⊆g⊥+. Since g⊥+ =g⊥ ∪ R by Proposition 6, this
means that either ℓg+⊆g⊥ or ℓg+⊆R. But g+⊆g implies that ℓg+ is contained in
the g-block ℓg, and because every block of a local FC set is contained in precisely
one class, one has either ℓg⊆ g⊥ or ℓg⊆ R. Since g is not a twister, there exists
some α∈g of half-integral conformal weight, which implies that the conductor N is
even, and hℓα−hℓ0 belongs to Z+12 according to Eq.(6.3): this contradicts ℓg⊆R as
a consequence of Lemma 30, and thus proves that ℓg⊆g⊥ in this case as well. 
As surprising as this result may look at first sight, it is actually easy to under-
stand from a vantage point of view. Indeed, it follows from Lemma 27 that the
elements of a local FC set g∈Lloc are the simple objects of a symmetric monoidal
subcategory of the modular tensor category associated to the conformal model. By
a result of Deligne [11], such categories can be identified with the representation
category of some (finite) groupG, hence the algebra Vg associated to g is isomorphic
to the character ring of the group G, and in particular the (quantum) dimension
of its elements are rational integers. But this is not the end of the story, for all
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general properties of character rings should apply to Vg in this case, so the following
statements [23, 25] should hold for g∈Lloc and α∈g:
(1) the extent of any g-class is a rational integer dividing Jg⊥K;
(2) α(C)=0 for some class C∈Cℓ(g) iff dα>1;
(3) |Z(g)|2d2α is an integer divisor of Jg⊥K2;
(4) if d2α is coprime to the ratio
Jg⊥K
JCK for some class C ∈ Cℓ(g), then either
|α(C)|=dα or α(C)=0.
All these assertions are well-known properties of character rings, e.g. the first one
just states that the size of a conjugacy class is an integer dividing the order of
the group, while the third one is equivalent to Ito’s famous theorem [23]. What
is really amazing is that, as suggested by extensive computational evidence, they
seem to hold for all members of Lint, even in cases when there is no finite group
with a suitable character ring. From this point of view, it seems fair to say that
elements of Lint describe “character rings” of some natural generalization of the
group concept. This interpretation seems the more reasonable as a host of group
theoretical notions may be generalized to arbitrary elements of Lint: we have
already encountered Abelian (Definition 9) and nilpotent FC sets (Definition 11),
but the notion of (super)solvability can also be generalized to Lint.
Definition 13. An FC set g ∈ Lint is solvable (supersolvable) if there exists a
chain
{0}=g0⊆g1⊆· · ·⊆gn=g
of FC sets gi∈L such that JgiK equals Jgi−1K times a prime power (a prime number)
for i=1, . . . , n.
For local FC sets this is clearly equivalent to the (super)solvability of the cor-
responding group, and one may speculate whether some kind of analogue of the
Feit-Thompson theorem holds, i.e. whether g∈Lint is solvable provided JgK is odd.
8. Summary and outlook
As we have seen, fusion closed sets of primaries of a conformal model (or modular
tensor category ) have a fairly deep structure, generalizing many aspects of the
character theory of finite groups. Of course, this is no accident, since vacuum
blocks of orbifold models, which correspond on general grounds to the character
ring of the twist group, form a special class of FC sets. But it turns out that the
parallel with character theory goes much further, even for FC sets that have no
group theoretic origin. Many classical notions from group theory (like nilpotency,
solubility, etc.) may be generalized to arbitrary FC sets, and the corresponding
properties go over almost verbatim to this more general setting. In this respect,
a major goal of the present work is to illustrate this close analogy with classical
group theory, but it should be stressed that FC sets are more than just some fancy
generalization of the group concept, since they possess genuinely new properties, as
exemplified by the reciprocity relations Eq.(3.19) or Lemma 24.
Of course, the results presented fall short of giving due account of all important
aspects of FC sets relevant to orbifold deconstruction. In particular, the λ-ring
structure of local FC sets, which is of utmost importance for the identification
of twist groups [3, 6], has not been treated, nor the questions related to inertia
groups of blocks. While fundamental, we felt that the presentation of these issues
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could obscure the overall pattern, and have consequently decided to relegate their
discussion to some future work.
Finally, a few words about the mathematics involved. While many of the results
presented might be formulated in the language of (unitary) modular tensor cate-
gories [31, 2, 16, 15], in our opinion this could obscure the analogies with group
theory, which were among the major motivations of this work. Besides this, some of
the more interesting results and conjectures, like Lemma 22 or Conjecture 3, seem
difficult to formulate using category theory solely. For these reasons, we opted for a
mode of exposition closer to that of classical texts [23, 30] on representation theory.
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